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AUTOMORPHISMS OF BRAID GROUPS ON ORIENTABLE 

SURFACES 

BYUNG HEE AN 


Abstract. In this paper we compute the automorphism groups Aut(P n (E)) 
and Aut(B„ (E)) of braid groups P n (E) and B n (E) on every orientable surface 
E, which are isomorphic to group extensions of the extended mapping class 
group _M£(E) by the transvection subgroup except for a few cases. 

We also prove that P n (S) is always a characteristic subgroup of B n (E) 
unless E is a twice-punctured sphere and n = 2. 


1. Introduction 

Let E be a surface of finite type without boundary. Unless mentioned otherwise, 
we always assume that E is orientable and homeomorphic to E gp = E g \p, where E g 
denotes a closed surface of genus g and p = {pi,... ,p p } is a set of punctures. The 
ordered configuration space F n (T,) is defined to be the space of ordered n-tuples 
of distinct points in E. The symmetric group S n acts on F n ( E) by permuting 
coordinates, and the orbit space F n { E)/S„ is called the unordered configuration 
space of E. The fundamental groups of F n ( E) and F n ( E)/S n are called the pure 
and (full) n-braid groups on E denoted by P n (E) and B„(E), respectively. 

If we fix a basepoint z = (zi,..., z n ) for F n ( E), there is a short exact sequence 

1 —► P„(E) —► B n (E) -A S„ —> 1, 

where the homomorphism p is called the induced permutation and p(/3) for fi G 
B n (E) is precisely a permutation of z. The main objects of study in this paper are 
the automorphism groups Aut(P„(E)) and Aut(B„(E)). 

It is worth remarking that B„(E giP ) can be regarded as a subgroup of B n+p (E g ). 
Roughly speaking, it is a finite index subgroup consisting of braids in B n+p (E g ) 
whose first n strands end at the first n marked points. 

The extended mapping class groups A!*(E) and Ad*(E) are defined to be the 
groups of isotopy classes of (possibly orientation-reversing) homeomorphisms of 
(E, z) and E, respectively. These groups can be regarded as subgroups of the 
mapping class groups M* +p (E g ) on E g with (n +p)-marked points z U p. 

There is a short exact sequence due to Birman as follows. 

(1) 1 —► B„(E)/Z(B n (E)) M* n ( E) —> MU'S) —> 1, 

where Z( B„(E)) denotes the center. 
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Evidently, mapping class groups are related with the automorphism groups of 
braid groups since the group on the left is the inner automorphism group of B n (E), 
a subgroup of the automorphism group Aut(B n (E)). 

1.1. Previous results. Let us briefly review known results relating automorphisms 
of braid groups to mapping class groups. The first one we introduce is a general¬ 
ization of Dehn-Neilsen’s theorem. 

Theorem 1.1. [251 Theorem 3.3.11] Let ft £ Aut(7Ti(E)) be an automorphism. 
There exists a homeomorphism f £ A1*(E) realizing (f> if and only if (f> preserves 
the peripheral structure. 

In particular, if E is closed, then such an f always exists. 

Hence this theorem gives a complete criterion for a given automorphism of 
Bi(E) = 7Ti (E) to be realized by a homeomorphism. 

For S 2 with n < 3, the braid group B^S 2 ) is finite, and so is Aut(B n (S' 2 )). 
Bellingeri in 13 Theorem 6.2] showed that for n > 4, Out(B„(5' 2 )) ~ Z 2 x Z 2 which 
is isomorphic to tv(B n (5' 2 )) x Ai*(S 2 ), where tv(G) is the transvection subgroup 
of G defined as the kernel of Aut(G) — > Aut (G/Z(G)). Indeed, tv(B„(S' 2 )) ~ Z 2 is 
generated by cq 1 —>- cqA 2 for each Artin generator eq and the central element A 2 in 
B„(S' 2 ). Therefore, this result together with the Birman exact sequence d) implies 
that for E = S 2 and n > 4, 

(2) Aut(B„(E)) ~ tv(B„(E)) x M* n ( E). 

Moreover, this can be obtained from the following theorem due to Ivanov and 
Korkmaz as well. 

Theorem 1.2. |T5] Theorem 2] ]16l Theorem 1] Suppose that n > 5. Then any 
isomorphism between two finite index subgroups o/Al*(5' 2 ) is the restriction of an 
inner automorphism of Ad* (S' 2 ). 

For g > 1, Irmak, Ivanov and McCarthy proved in m Theorem 1, Theorem 2] 
that by using the Nielsen-Thurston’s classifications of mapping classes, 

Aut(P„(E 1 )/Z(P n (E 1 ))) s M* n ( Ei), Aut(B„(E 9 )) ~ Aut(P„(E fl )) ~ M* n { E a ), 

for g > 2 and n > 3. In 2011, Kida and Yamagata in 13 Theorem 1.1] proved a 
result similar to Theorem 11.21 for pure braid groups with g,n > 2, and one of its 
immediate consequences is that Aut(P 2 (E s )) ~ A^(Eg) for g > 2. 

Zhang in ].23j ;24] showed that (0 holds for all closed surfaces including non- 
orientable cases with n > 2. However some of his arguments are incorrect. See the 
comment before Lemma 13. II 

On the other hand, for non-closed cases only a few results are known. In [8] 
Theorem 19, Theorem 20], Dyer and Grossman computed the automorphism group 
of the classical braid group B„(R 2 ), which is Aut(B„(R 2 )) ~ A4* (K 2 ) for all n > 2. 
Bell and Margalit in [B] Theorem 7, Theorem 8] and Charney and Crisp in [3 
Theorem 1 (ii), Proposition 5] computed automorphism groups of several Artin 
groups including A{B n ) ~ B„(E 0) 2 ), A{C n ) ~ B„(E 0 , 3 ), and the classical pure 
braid group P(A n - 1 ) ~ P„(K 2 ). Their results are based on Theorem 11.21 and can 
be formulated as follows. The isomorphism 0 holds for Eo ,2 with n > 3 and for 
So 5 3 with n > 2, and 

Aut(P„(M 2 )) ~ tv(P„(K 2 )) x M* n+1 {S 2 ). 
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Notice that since Pn(£i,i) ~ P„(£i)/Z(P n (£i)) [4] Lemma 17], the once- 
punctured torus case essentially comes from the closed case, which is known for 
n > 3 by [T51 Theorem 1], and therefore all known cases are when Euler character¬ 
istic x(£) > —1. 

Motivated by this fact, for a not necessarily closed surface £, we say that £ 
is generic if y(£) < —1, and call all non-generic missing cases for Aut(B„(£)) 
exceptional. They are as follows: (i) the torus £i with n > 2; (ii) the once- 
punctured torus £yi with n > 2; and (iii) the twice-punctured sphere £ 0,2 with 


n = 2. 


We remark that non-generic cases for Aut(P n (£)) are either obvious, reduced 
to generic cases, or lying in the scope of Theorem 11.21 See Remark [33] 

1.2. Results. The main result of this paper is as follows. 

Theorem 1.3. Let £ be a generic surface and n > 2. Then 


Aut(P„(£)) ~ M*(E), Out(P„(£)) ~ S„ x AT(£), 


and 


Aut(B„(£)) ~ M* n {T), Out(B„(£)) ~ 7W*(£). 


This overlaps the previously known cases (when p = 0 and n > 3). Otherwise, 
this result is new and covers all but only a few exceptions, which are computed sep¬ 
arately. Then together with all known and exceptional cases, it can be summarized 
as follows. 


Theorem 1.4. Let £ be an orientable surface of finite type without boundary, and 
let Z = Z(A4* (£)). Then for any n > 2, 


Aut(B n (£)) ~ tv(B„(£)) x M* n {T)/Z x G„(£) 


and 


Out(B„(£)) ~ tv(B„(£)) x M*(T,)/Z x G„(£) 


where 




1 otherwise. 


As an application, we prove the following theorem, which extends the result of 
Bellingeri and Ivanov in mm- 

Theorem 1.5. Let £ be a surface of finite type without boundary, possibly non- 
orientable. Then the pure braid group P„(£) is a characteristic subgroup of the 
braid group B n (£) except P 2 (^o, 2 ) is not characteristic in B 2 (£o, 2 )- 

The rest of this paper is organized as follows. In Section 2, we introduce 
known facts of braid groups and mapping class groups, especially about the centers 
Z(B n (£)) and special normal subgroups Uj of the pure braid groups which are 
the kernels of the map q : P„(£) —> P„_i(£) forgetting the *-th strand. These 
two subgroups are very useful in studying not only braid groups but also their au¬ 
tomorphism groups. Moreover, we consider natural maps from the mapping class 
groups to automorphism groups of braid groups, whose images can be thought of as 
geometric subgroups of Aut(B„(£)) in the sense that they are obviously realizable 
by homeomorphisms. On the other hand, the algebraic subgroups can be thought 
of as coming from the transvection subgroups defined above. 
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In Section 3, we compute the transvection subgroups for both the pure and full 
braid groups, and compute automorphism groups for all but the exceptional cases 
by assuming Theorem 1 1. 51 and Proposition ^. 61 which is the first half of Theorem ll.3l 
In Section 4, by using combinatorial group theory, we find necessary and sufficient 
conditions for a given automorphism to be realizable, and prove Proposition 13.61 
by showing that our conditions always occur in the generic case. To this end, we 
use an analog of the argument of Irmak, Ivanov and McCarthy in [13| , and analyze 
the rank of the center of the centralizer for a given braid. This argument is then 
used to prove Theorem 11.51 in Section 5. Finally, all exceptional cases are treated 
in Section 6. 

Remark 1.6 (boundary versus punctures). Suppose that E is a compact surface 
of genus g with b > 1 boundary components. The mapping class group Al n (E, <9E) 
is defined as the group consisting of isotopy classes of orientation-preserving home- 
omorphisms on (E,z) fixing <9E pointwise. Then Dehn twists along boundary 
components act trivially on braid groups, and moreover they generate the center 
Z(AI„(E,9E)) unless E is the closed disc D 2 and n = 2 [221 Theorem 5.6]. 

Moreover, _Ad„(E, dT,)/Z(M n fE, 9E)) is isomorphic to a subgroup of A4*( E) 
of index 2 • b!, where £ is the interior of E and homeomorphic to T, g ^. Here the 
absence of orientation-reversing maps contributes to the index as much as 2 and 
the index b ! arises since a mapping class on E g ^ may permute the b punctures but 
a mapping class in Al ra (E,9E) never permutes boundary components. However, 
one can easily find a mapping class in _Ad*(£ gi f,) \ (A4„(E, dYf) / Z(M n (Y<, <9£))) 
such that the induced automorphism on the braid group is nontrivial. Therefore 
A4„(E, <9E) is insufficient for describing the whole automorphism group. 

On the contrary, B n (R 2 ) and B n (A) for A = (0,1) x S 1 can be identified with 
M n (D 2 ,dD 2 ) and a subgroup of M n (A, dA) for A = [0,1] x S 1 , respectively. Then 
as mentioned before, Aut(B„(R 2 )) cs A4*(R 2 ) and Aut(B n (A))/tv(B„(A)) ~ 

A4* (A). However, these are different from M n (D 2 , dD 2 ), M n (D 2 , dD 2 )/Z(A4 n (D 2 , dD 2 )), 
M n {A,dA) and M n (A,dA)/Z(M n (A,dA)). 

This is the reason why we consider surfaces without boundary rather than com¬ 
pact surfaces, and we suggest that the reader not identify the braid groups B n (R 2 ) 
and B„(A) with (subgroups of) mapping class groups as above. 

2. Braid groups and mapping class groups 

For convenience, we use G/ z to denote the quotient G/Z(G) of G by its cen¬ 
ter, and use the shorthand notations S 2 , R 2 , A, and T for Eo, Ei,E 0j 2 and Ei, 
respectively. 

We first take a look at some algebraic aspects of the pure and full braid groups. 

To do this, we introduce the group presentation for B n (E) due to Bellingeri and 
some well-known facts about braid groups. 

Theorem 2.1. (2] The braid group B„(E giP ) admits the following group presenta¬ 
tion. 

• The generators are ay,..., <T ra _i, a ±,..., a g , £>i,..., b g , £i,..., f p . 

• The defining relators are 

(BRi) aia 3 = (7joi for \i - j\ > 1; 

(BR 2 ) cqerjcq = aj^aj for \i — j\ = 1; 

(CRi) [a r , <jj], [& s , <7j], [Ct, cr i] fori > 1; 
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(CR 2 ) [a r ,CTia r cri], [b r , cri6 r cri], [Ct, cri(t(?i] for 1 < r < g,l < t < p; 

(CR 3 ) [a ri o^ 1 a s o i], [a r , erf l b s o 1 \ 1 [b r , af 1 a s cr x ], [6 r , CTf 1 6 s cri] /or r < s, 
[a^cr^CuOi], [6 r , ( jf 1 <' tl o-i] /or 1 < r < g, 1 < u < p, 

[Ct^r'C^i] /of i < u; 

(SCR) <Jib r <7ia r Gi = a r o±b r ; 

(TR) (cri . . . CT n _iCT n _i . . . CTl) (rir=l[ & r \ «r]) (TIt=l Ct), 
where \x,y\ = x~ 1 y~ 1 xy. 

The presentation above is slightly different from Bellingeri’s. Indeed, the presen¬ 
tation above has one more generator £ p and relator (TR) when p > 1. However, this 
pair can be cancelled out by the obvious Tits transformation since (TR) involves 
( p only once. 

Corollary 2.2. If p > 1, then 

B„(£ SjP )/((C P )) — B n (S fljP _ 1 ). 

Proof. This follows directly from the presentation for B ra (E SiP ) for p > 2. 

When p = 1, then the left hand side has (TR) without any (. This is exactly the 
same as the presentation for a braid group on a closed surface, which is the right 
hand side. □ 

For convenience, we denote y(E) = 2 — 2g — p by x and 2p + p + n by k, and so 
we have the equality x + K = n + 2. It is easy to check that if k < 3, then B„(E) 
is finite or abelian, as is P„(E). Indeed, P„(E )/z = 1 if and only if n < 3. Hence 
we exclude these cases, and assume k > 4 throughout this paper. 

Lemma 2.3. Suppose k > 4. The following properties hold. 

(1) Z( B„(E)) = Z(P„(E))/ 

(2) Z(B n (S 2 )) = (A 2 |A 4 ), Z{ B n (R 2 )) = (A 2 ), Z (B n (A)) = <A C ), and 
Z(B n (T)) = (A 0 ) © (A b ), where 

A 2 = (<7l . . . <Tn-l) n , A( = (ClCl . . . <T n _l) n , 

Ao = (aitJi... <J n -i) n , A b = (bi<T!... On- i) n ; 

(3) Z(B„(E)) = 1 if X < 0; 

(4) P„(E) ~ P„(E) /Z x Z(P n (E)) if x > 0; 

(5) If X > 0, then P„(E) /Z is either P k _ 3 (E 0j3 ) if g = 0, or P K _ 3 (Eip) if 
<7 = 1. Hence P„(E )/ z is a free group F 2 of rank 2 if and only if n = 4. 

Proof. For (1), (2), (3) See [5] and [HJ Proposition 1.6, § 4]. 

Items (4) and (5) follow directly from the group presentations. See gj Lemma 17] 
for the g = 1 case. □ 

We consider the map qi : F n (E) —> F„_i(E) forgetting the i-tli coordinate. Then 
qi gives a fiber bundle structure with fiber Ej = E \ z U {zi}. Let Uj = ker(q^). 
Then from the homotopy sequence, U, = 7Ti(Ej, zf) and therefore is a free group of 
rank 1 — x(Ej) = k — 2. We choose a generating set Xi for U, as 

Hi — {AiJ, Ci,ti Qi,rt ^i,r\j 7 ^*}> 

where for 1 < i < j < n, 

Ai,j = Ajj = O i ... Oj_ 2 Oj_ 1 Oj-2 ■ ■ - Oi 
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and for l<g<r and 1 < t < p, 

tt'i.r = S^ a r Si, bi r ~ S^ b r Si, fi,t = S^ CtSi, 

where Si = (cti .. .cti- 1 ). 

Then the conjugation of (TR) by Si gives 


(PTR) 


(^2,2+ 1 ■ • ■ • ■ ■ -Ai— i } j) | | 5 1 



= e, 


which involves only the generators in X,. Therefore Xi satisfies (PTR) and indeed, 
it is the only relator for Uj. This follows since U, has the Hopfian property. 

On the other hand, it is easy to see that 

^2,2+1 (^2+l^i) ^1 (^2+l^i); [^1^2,r^i ; ^2+l] [^2+1, rt ^ 2 ] &• 

Since the relator (SCR) can be written as <j\ = [b r , af 1 af 1 a 1 ], or equivalently, 
erf = [cri^T-crj -1 ,a” 1 ], we conjugate these by (d^+idi) to obtain 

Aa+i = (S i+ iS i y 1 al(S i+1 Si) = (^ i+ i(5j)'” l [6 r ,c7j“ 1 a“ 1 f7i](5 i+ i^) 


(PSCRr) = [b l+ltr ,A-j +1 a-^Ai, i+1 ] 

= (^+i<5 i )^ 1 [fTi6 r .f7 1 “ 1 ,a“ 1 ]((5 i+ i^) 

(PSCR 2 ) = [bi,r, «■+!,,]. 


Therefore in the union Xi U Xi + 1 the following relation is satisfied. 

(PSCR) Ai i^.i = [bi r ^ = [&i+i,r? -^ 2 , 2 + 1 ] 

Recall the map q it : P„(E) —> P n _i(E), which is surjective. By using the 
generating set Xi for Uj = ker(gj*) and induction on n, we can find a generating 
set for P„(E) even though q j* does not split in general. Indeed, the set X = (J ?: Xj 
generates P n (E) and satisfies (PSCR) and (PTR). The complete presentation for 
P„(E) can be found in [2] as well. 

The centralizer Cg{H) of H in G is defined as 


Cg{H) = {x £ G\xy = yx for all y £ H}. 


Lemma 2.4. Let Uj be the normal subgroup of P„(E) defined as above. Then the 
following properties holds: 

(1) U f nZ(P n (E)) = l; 

(2) Ui + Uj in P„(E) for i ± j; 

(3) In P„(E)/7, all Uj ’s are either identical if n = 4 or different if k > 5; and 

(4) Cp^UO = Z(P„(E)) and C P „ (E)/Z (Ui) = 1. 

Remark 2.5. When P„(E) is centerless and n = 4, then (2) and (3) seem to contra¬ 
dict each other. However, it only happens when n = 1 and the Euler characteristic 
x(E!) = —1, and therefore (2) and (3) are vacuous. 


Proof. (1) Since any nontrivial element in Z(P n (T,)) maps to a nontrivial element 
in Z(P„_i(E)) via q j* by Lemma 12.31 this is obvious. 

(2) If x < 0, then one of 9i*(0, 1 ) or Qi*( a j, 1 ) is nontrivial and so Uj misses either 
or ajp in U r If X 0, then n P 3 since k P 4, and there exists 1 k n 

different from i and j. Then qi*(Aj t k) is nontrivial and so Uj misses Aj t k £ U ? -. 

(3) If x < 0, then it is obvious since the center is trivial, and so we assume that 
X >0. If k = 4, then by Lemma [2~3l (5), P n (E )/z is a free group of rank 2 which 
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is isomorphic to Uj. Otherwise, one can regard {zi,Zj} as a part of a basepoint 
for P„(E)/ Z . Then Uj is the kernel of : P n (H)/ z —> P n _i(E)/ z . Hence by (2), 

Ui^U j. 

(4) We use induction on n. If n = 1, then Pi(E) = Ui and so C Pl ( S )(Ui) = 
Z( Pi(E)). 

Suppose the statement holds for n and let a G Op n+1 (s)(Ui)- Then by taking 
Qj* for j ^ i, we have qj*(a) G C' P „(s)(gj*(U i )) = Cp„(E)(U 4 ) = Z(P n (Uj)) by 
the induction hypothesis. Since maps Z{ P„+i(E)) onto Z( P„(E)), there exists 
z G Z(P n+ i(Uj)) and a' G Uf so that a = za!. 

However, if we take /3 = A,j G Uj 0 U j, then the commutativity of a' and /? 
implies that a' must be a power of /3 by the freeness of U ; , and so contained in Uj. 
This implies that a! G Z(Uj) = 1 as well. Hence a G Z(P n+1 (E)). 

The second assertion is obvious since P„(E)/^ is isomorphic to a pure braid 
group on a surface with x < 0 which is centerless by Lemma T2.31 131. □ 

We introduce another remarkable result due to Goldberg as follows. 

Theorem 2.6. [IT] Suppose E ^ S' 2 . Then the map t* : P n (E) — > fl”_i 7ri(E, Zi) 
induced by the embedding i : F n ( E) —> Jl” E is surjective and 

keri* = ((A it j |1 <i < j < n}}, 

which is the normal closure generated by Aij ’s. 

Roughly speaking, all the interference between strands in P„(E) come from the 

Aij’ s. 

Now we review the relationship between braid groups and mapping class groups. 
For convenience, we denote by fg for the composition / o g of two mapping classes 
or automorphisms / and g , and apply group elements from left to right. That is, 

(fg) 0 ) = 9(f 0 ))- 

Let us consider the map p x p : A4* (E) —> S p x S n defined by 

T(f)(t) = u f(p t ) = p u , p(f)(i) = j f(zi) = Zj. 

We denote the kernel ker(p) by TM* n (E). 

Recall Push : B„(E)/ Z —> Af*(E) in the exact sequence of Birman. Then 
it is obvious that p((3) = p(Push(/3)), and so Push\ : P„(E)/ 2 —y PA4*(E) is 
well-defined. Hence we may regard B„(E)/^ and P„(E )/2 as normal subgroups of 
A4* (E) and VM* n (E) via Push and Push], respectively. According to the context, 
we may regard the domains of Push and Push\ as B„(E) and P„(E), respectively, 
by the pre-compositions of the canonical quotient map by their centers. 

On the other hand, any mapping class / G A4* (E) induces self-homeomorphisms 
on both ordered and unordered configuration spaces F n ( E) and F n ( E)/S„. There¬ 
fore they induce automorphisms /* on B n (E) and P„(E) simultaneously, and so 
there are two maps 

(•)* : M*( E) -A Aut(B„(E)), (-)*| : M* n (£) —t Aut(P„(E)). 

Remark 2.7. For / G M*( E) and /3 G B„(E), the mapping class Push(f^(P)) 
is nothing but / _1 Pus/i(/3)/. However, /*(/ 3) is not a conjugate of fd in general. 
Indeed, for a torus or higher genus surface, Dehn twists along non-separating curves 
never act by conjugacy on the braid group. 

Lemma 2.8. The maps (•)* and (-)„| are injective. 
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Proof. Suppose /* = Id on B„(£) or P„(£). Then p(f) = Id z since f*(Ui) = Uj 
for j = p(f)(i) and all U,;’s are pairwise different by Lemma [2.41 (2). Therefore 
/ can be regarded as an element in A4*(£j, Zj), and so it is enough to show that 
/ is trivial in A4*(£-,.Zj) because both and A4*(£) are subgroups of 

■Mp+nO^g)- 

Since £■ has the Euler characteristic x(£.) = 2 — k < 0 and so it is K(tt, 1), 
there is a one-to-one correspondence between homotopy classes of maps on (£j, zf) 
and endomorphisms on 7Ti(£j,Zi) = U;. This implies that / is homotopic to the 
identity. However any two homotopic homeomorphisms are isotopic on any surface 
with negative Euler characteristic [9] Theorem 1.9], and therefore / is trivial in 
M*(Z hZi ). ' □ 

The above lemma describes the geometry of the automorphism groups, and we 
will focus on the algebraic part of them later. 

3. Automorphism groups of braid groups 

3.1. Transvection subgroups. In this section, we concerns the cases when y(£) > 
0. Otherwise the center Z(B„,(£)) is trivial and so is the transvection subgroup 
fu(B n (£)). We consider two exact sequences as follows. 

1 —> tv(B„(£)) —► Aut(B„(£)) A Aut(B„(£) /z ), 

1 —> tv(P„(£)) —»• Aut(P„(£)) A Aut(P„(£) /z ) —► 1. 

The maps $ and T are obvious and the exactness at the center of each row is 
just the definition of the transvection subgroup tv(G) = ker(Aut(G) —> Aut(G/ z )). 
Note that <f> £ tv(G) if and only if for any g £ G, there exists z g £ Z(G) such that 
A) = 9Zg- 

However, the surjectivity of $ is not quite obvious. For any (j> £ Aut(P n (£)/ z ), 
we consider the automorphism (j) x Id on P ra (£)/ Z x Z(P ra (£)). Since P„(£) ~ 
P n (Yi)/z x Z{ P„(£)) by Lemma [2.31 (4), we may regard <fi x Id as an element in 
Aut(P„(£)), which is in the preimage of under •!>. Hence $ is surjective and 
splits, and so 

Aut(P„(£)) ~ tv(P„(£)) x Aut(P„(£)/ z ). 

Since the center is a characteristic subgroup, the restriction map (-)\z ■ tv(P n (£)) 
Aut(Z(P„(£))) is well-defined. Moreover, it is surjective and splits since (Id x 
<t>z)\z = f>z for any (fz £ Aut(Z(P„(£))). 

Let (j) £ ker(-)| z . Then for any a £ P „(T,)/ Z and £ Z( P„(E)), there exists z' 
such that 4>(az) = cj)(a)cj)(z) = (az')z. Therefore cj> can be regarded as an element 
in Hom(P n (£)/ z ,Z(P„(£))), and so 

(TV) tv(P„(£)) ~ H 1 (P„(S) /Z ; Z(P n (£))) x Aut(Z(P„(£))). 

Zhang asserted in [24] Lemma 2.1] that for any group G, the map Aut(G) —> 
Axit(G/z) is always surjective. However this is not true in general, in particular 
when G is not a split central extension of G/ z - Indeed, B 4 (S 2 )/ z is a subgroup of 
M\(S 2 ) of index 2 = |A4*(S' 2 )|, and 

Aut(B 4 (S' 2 )) cx tv(B 4 (S 2 )) x M\(S 2 ) 
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due to Bellingeri [3] Theorem 6.2], Moreover, one can show that Aut(B 4 (S' 2 )/^) ~ 

A il(S 2 ) x Z 2 by the direct computation. However, 

T(Aut(B 4 (5' 2 ))) = M\{S 2 ) C M* 4 (S 2 ) x Z 2 ~ Aut(B 4 (S ,2 ) /z ). 

Therefore B 4 (5' 2 ) is a counter example to Zhang’s assertion. 

For E = S' 2 , M 2 and A, both tv(P„(E)) and tv(B„(E)) are known by Charney 
and Crisp [7], Bell and Margalit [ 6 j, or can be computed as follows. 

Let N = (” + f _1 ) - 1. Then 

(1) tv(P„(S 2 )) ~ Jj 2 and tv(B„(S 2 )) ~ Z 2 for n > 4; 

(2) tv(P„(M 2 )) ~ 1 N x Z 2 and tv(B„(K 2 )) = 1 for n > 3; 

(3) tv(P„ (A)) ~ Z N xi Z 2 for n > 2 and tv(B n (A)) ~ < — 

I Z xi Z 2 n = 2. 

On the other hand, it is quite complicated to calculate the transvection subgroups 
for E = T because Z(B n (T)) has rank 2. The computation of tv(P n (T)) and 
tv(B„(T)) is given in the following lemma. 

Lemma 3.1. The transvection subgroups tv(P n (T)) and tv(B„(T)) are as follows. 

( 1 ) tv(P„(T)) ~ Z 4 ^" 1 ) xi GL( 2,Z) for n > 2 ; 

( 2 ) tv(B n (T)) ~ GL(2,h)[n] for n> 2, where GL(2,h)[n] is the n-congruence 
subgroup of GL{ 2, Z). 

Proof. (1) Since H x (P„(T)) = H 1 (P n (T) /z )xZ(P n {T)), we first compute i?i(P„(T)). 
By (IPSCRI) . [Aij] = 0 in H\(P n (T)) and therefore the abelianization factors as 
follows: 

P„(T) -> P n (T)/((AJ -»■ Hi(P n (T)). 

However, the group in the middle is isomorphic to rr tti(T) ~ Z 2n by Theorem^ 
which is already abelian and generated by [a^ij’s and ’s, and therefore the map 
on the right must be an isomorphism. Moreover, since Z(P„(T)) ~ Z 2 generated 

by 

A 0 = a 4j i... a n ,i, Af, = b i |4 ... 6 n ,i, 

one each of the [a^ij’s and [ 6 ^ 1 ] ’s, say [a„,i] and [b n> i] are redundant in Hi(P n (T) / z ). 
Hence we have Hi(P n (T)/ z ) — Z 2 ( n_1 \ and so 

H\P n (T) /z ; Z (P„(T))) ~ Z 4 ^- 1 ). 

Finally, since Aut(Z(P n (T))) ~ GL( 2,Z), the equation (1TVD completes the 
proof. 

(2) Let (f) £ tv(B n {T)). Then the braid relations (BR 4 ),(BR 2 ) imply that there 
exists z £ Z(B n (T)) so that <t>{<Ji) is OiZ for all i, and moreover (SCR) forces z 2 to 
be trivial. Then z must be trivial since Z(B n (T)) is torsion-free. Hence there exist 
integers xi,yi,X 2 and z / 2 such that 

<Kai) = ai A^Af, <f>{b 1 ) = b 1 A?A?. 

From this we have 


0(A„) = ... an-,)™ = A”* 1+1 A^ 1 , 

<K A b ) = cfihcn ... a n -x) n = A”* 2 A£ w+1 . 


'nx\ +1 nx 2 
nyi ny 2 + 1 

with determinant ±1 since M$ £ GL{ 2, Z) ~ Aut(Z), and so M$ £ GL(2,Z)[n]. 


Hence ^|z(b„(t)) can be represented by a 2 x 2 matrix M$ = 
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Conversely, for any matrix M £ GL(2, Z)[ro], one can find integers xi,yi,x 2 and 
y 2 which define an automorphism in tv(B„(T)) by using these parameters. □ 

Note that the automorphism <fi £ tv(B 2 (T)) with M$ = — I is induced by 
the hyperelliptic involution s G Z(M. 2 (T)) interchanging points of z. Hence s G 

In general, it is easy to check that 

Z(M*p)) C Gm* (E) (B„(E) /Z ) ~ tv(B„(E)) n (UM* n p)) 

C Cm, (e) (P„(£) / z ) ~ tv(P„(E)) n (-)*(Ai;(£)). 

We claim that all inclusions above are indeed bijective as follows. 

Lemma 3.2. Suppose k > 4. Then the centralizer Cj ( E ) (P„(E) / z ) is isomorphic 
to the center Z{ AI*(£)), which is either Z 2 if (E,n) is (.4,2) or (T, 2), or trivial 
otherwise. 

Proof. There is nothing to prove for x(E) < 0 since tv(P„(E)) = 1. 

Suppose x(£) >0. If n > 3, then for any / G C'x;(s)(Pn(^)/z), the induced 
permutation p(/) is the identity on z since p(f) is in the center of the symmetric 
group S„ which is trivial. Hence 

C , M*(E)(Pn(S)/^) = C'p_ M .( E )(P„(£)/ z ). 

However, P„(E)/ Z — P( 5 - 3 ( 2 ') where £' is either £ 0 ,3 or Epi by Lemma [2731 15b 
and TM* n (Yi) C A'1*_ 3 (E'). Therefore, 

Cp7W*(£)( P n(2)/z) C 

which is trivial since xC^') = ~ 1 - 

Therefore, the only case we have to consider is when x(£) > 0 and n < 2. By 
the constraint of k > 4, there are only two possibilities, namely the 2-braid groups 
on A and T. In each case, the center Z(Ai 2 (E)) is isomorphic to Z 2 and 

M* 2 (E) = Z(M* 2 (Z)) x M* 2 (Z) /z , M* 2 (S) /z ~ VM* 2 ( S). 

Hence 

Cm*(s)(P 2 (^)/z) = Z(M 2 (E)) x C'pjvi* ( S )(P 2 (£) /z)‘ 

Since the rightmost factor is trivial by the same argument as above, this com¬ 
pletes the proof. □ 

Since tv(B„(E)) fl Inn(B n (E)) = 1, the subgroup tv(B„(E)) fl (-)*AI*(E) of 
Out(B n (E)) is also isomorphic to Z(M* (E)). So we may identify Z(A4*( £)) with 
this subgroup of A!*(£). 

Corollary 3.3. Suppose n > 4. Then tv(B„(E)) x AI*(E )/Z and tv(B n (E)) x 
J\4*(T,)/Z are isomorphic to subgroups of Aut(B„(E)) and Out(B n (E)), respec¬ 
tively. 


Proof. This follows directly from Lemma 12.81 and Lemma 13.21 


□ 
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3.2. Automorphism groups. We first consider Aut(P n (E)/ z ). Recall that P n (E)/ z 
1 if and only if « < 3, and there is nothing to do. If k = 4, then Aut(P n (E)/ z ) — 
Aut(F 2 ) by Lemma [2731 (5). 

For k > 5, all known results can be summarized as follows. 

Theorem 3.4. [H 0 H31H7] Suppose k > 5. If X — — 1 or p = 0, then 

Aut(P 

Remark 3.5. The cases for \ > — 1 are covered by [3] for g = p = 0 and by [Tj for 
g = 0 and p > 1 with the aid of Theorem 11.21 due to Ivanov and Korkmaz 1151 15] . 

If p = 0, then the cases for T with n > 3 and T, g with g > 2, n > 3 are covered 
by [13], and the cases with g > 2, n = 2 are covered by DU- 

Furthermore, the above discussion for k < 4 and theorem cover all the excep¬ 
tional cases. Hence there is no unknown exceptional case for Aut(P„(£)). 

When x < — 1, we have the following proposition which is the first half of The¬ 
orem P and will be proved later. 

Proposition 3.6. Suppose \ < —1. Then for any n > 2 and p > 0, 

Aut(P n (E)) —-A4*(£). 

Note that as mentioned before, all closed cases with g > 2 have been already 
treated in mm and in HH- 

IJsing this proposition, we have the following theorem, which is nothing but a 
reorganization of known results and the above proposition. 


Theorem 3.7. For any g,p > 0 and n > 2 with n > 4, 


and 


Aut(P„(E)) ~ < 


tv(P„(E)) x Aut(F 2 ) 
tv(P n (E)) x M* p+n (Y, g ) 




k = 4; 

X > -1,« > 5; 
X < -i, 


{ tv(P„(£))xGL(2,Z) k = 4; 

tv(Pn(E)) x (S p+n x M*(S g )) X > -1,« > 5; 
S„xM*(£) X < -1- 


Proof. The only nontrivial statement is about Out(P„(E)). For k = 4, this state¬ 
ment follows from the facts that Inn(P„(£)) ~ F 2 C Aut(F 2 ) and Out(F 2 ) ~ 
GL( 2,Z). 

If k > 5 and x > — 1, then 

Inn(P„(E)) ~ P n (E) /z cs P„ +p (£ s ) /z C M* n+p (Z g ) 

by Lemma 12.31 151 and the Birman exact sequence. 

Recall VM* n+p (Ti g ) which is the kernel of the induced permutation p : _A4* +p (£ ff ) —» 
S„_|_ p . Then we have two triples, 

p n+p(Z g ),z c B„ +P (£ g ) /Z ^ M* n+p (E g ) 

and 

p n+p^ g )/z VM* n+p (Z g ) C M; +P (£ fl ) 
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which make the commutative diagram below. 


Ml 


*n-\-p 


„(£ s ) 


VMt 


p(s 9 ) 


B n+P (S 9 )/z r _ 

P„ + p(E 3 )/ z P n+ p(E 9 )/ z 


P7W; +p (S g ) 

Pp + p(Sg)/ Z 


^;+p(s 9 ) 


Bn+p! 

Y ‘g)/z 

-M* 

(S fl ) 


The isomorphisms on the top and left come from the induced permutations, and 
those on the right and below come from the Birman exact sequence. Hence all 
morphisms split and therefore 


If X < - 

two triples 


■M-n+p^g) 
Pn+p(Sg) /Z 


~ S„ +p X M*(Zg). 


1, Out(P„(E)) ~ 7W;(E)/P n (E) since Aut(P„(E)) 


M*( E). Then 


P„(E) c B„(E) P„(E) VM*S E) C M*„( E) 


produce a similar commutative diagram as above, and therefore 

Out(P„(E)) ~ S n x M*( E) 

as desired. □ 


Suppose that P„(E) is a characteristic subgroup of B n (E). Then there is a 
canonical map T : Aut(B„(E)) —> Aut(P„(E)) defined by restriction, and (-)*| 
factors through T. That is, 

(•)*l = r O (•)* : M* n ( E) -a Aut(B„(E)) -A Aut(P„(E)). 

Moreover, T induces a map f : Aut(B„(E)/ z ) —> Aut(P ra (E)/ z ) such that f o <J/ = 

$o r. 

Lemma 3.8. Suppose P„(E) is a characteristic subgroup o/B„(E) and E ^ S' 2 . 
Then both T and T are injective. 

Proof. Let (j) G ker(T) and /3 G B„(E). Then for any 7 G P„(E), cj)(/3~ 1 'j/3) = 
/ 3 _ 1 7/3 because P„(E) is a normal subgroup of B n (E). Therefore 

mr 1 € c , B„ (2) ( Pn(E)) = z(p„(e)), 

and so there exists zp G Z(P„(E)) such that </>(/?) = fdzp. 

This implies that = /3 m z™ = /3 m for some to > 1 since P„(E) is a finite 

index subgroup of B ra (E), and so z'T = e. Since the braid group B„(E) is torsion 
free unless y = 2, the element zp must be trivial. Therefore T is injective. 

The injectivity of T follows from the same argument as above. □ 

Corollary 3.9. Suppose P„(E) is a characteristic subgroup o/B„(E) and x < — 1- 
Then 


Aut(B„(E)) ~ M* n { S), Out(B„(E)) ~ M*{ E). 
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Proof. Notice that for a generic case, (-)»| = To (•)* is an isomorphism by Propo¬ 
sition [321 and therefore T should be surjective. 

On the other hand, by Lemma I5~51 T is also injective. Hence for a generic case, T 
becomes an isomorphism, and so Aut(B„(£)) ~ M* (£). The outer automorphism 
group follows directly from the Birman exact sequence. □ 

Therefore, this corollary together with Theorem 11.51 is the second half of The¬ 
orem 11.31 After proving Proposition 13.61 and Theorem 11.51 we will consider all 
exceptional cases as well in the final section. 

4. Proof of Proposition 13.61 

In this section, we assume \ < — 1 and n > 2, and identify P„(E) with a 
subgroup of A4*(£) via Push. Furthermore, let be an automorphism on P„(£), 
and we denote by </> the induced automorphism on the abelianization iLi(P ra (£)). 

4.1. Outline of the proof. Each U j plays an essential role in the proof of Theo¬ 
rem [L3] because the action of 4> on P„(£) is determined by how 4> acts on Lb. More 
precisely, we have the following lemma which is essentially the same as Proposi¬ 
tion 11.3 in pg and Theorem 3 in [23] . 

Lemma 4.1. Suppose that there exists 1 < i < n such that </>(Uj) = Lb- Then 
= Idjj i if and only if 4> is the identity. 

Proof. The proof is similar to Lemma 13.81 

Let /3 £ P„(£) and 7 £ Ui. Since Lb is normal in P n (£), </>(/ 3 - 1 7 / 3 ) = /3~ lr y/3, 
and so </>(/3)/3 -1 £ Cp n (£)(Lb) = Z(P n (£)) = 1 by Lemma EH (4). Therefore 

m = p- □ 

Recall the generating sets Xj for TJb, and their union X = UjXj. We split Ab 
into the following three sets 

Ab(l) = {Aijj ± *}, Ab(2) = {Ci,t|l < t < p}, X f (3) = {a x , r , b i>r |1 < r < g} 

and let X(k) = JJ* Xj (k). 

We define 

x*(fc) = {/.(*)!* e Xj(fc)u x~\k)Je TMl{H)} , 

X* = |J X*(k), X*{k) = (J X*(fc), X*=[jX*. 

k i i 

We say that a braid /? £ P n (£) is of type k if /? £ X*{k), and that (j> is 

(1) pre-geometric if </>(X) C X*; 

(2) almost-geometric if </>(Xj) C X* for some i and j ; 

(3) type-preserving if f> (X(fc)) C X*(fc) for each k\ 

(4) geometric if <p is type-preserving and almost-geometric. 

These definitions can be used to restate Theorem 1 1.1 1 as follows. 

Theorem 4.2. There exists f G Ad^jX) realizing (f> if and only if both <j> and </> -1 
are geometric. 
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Proof. Suppose that / realizes </>. Then <f> is almost-geometric since / transforms 
the peripheral structure of Ej = E \ z U {zi} to that of E-. for any i and j = p(f){i). 
Moreover, </> is type-preserving since / preserves the geometric properties which 
determine the types. 

Suppose that both (j) and (j)^ 1 are almost-geometric. Then there exist i and j 
such that 4>(Xi ) C X* and (f~ 1 {Xj) C X*. Therefore ^(Uj) = Up Let </>i = (j>\\j i 
and : H\ (U,) —> be the induced isomorphism. Note that H\ (U,;) is a 

free abelian group of rank k — 2 generated by the homology classes [ x] for a; 6 I; 
with a single defining relator 

v 

(HPTR) [Ai ,j] + • • • + [^4»—i,j] + + • ■ ■ + = 0 

i=1 

coming from (IPTRI) . 

Since <j> is type-preserving ( [A^j ]) = ±[A jipW ] and = ±[Cj>(t)] for 

some p(£) and p(t). However (IHPTRD forces all signs to be the same, and actually 
p and p define permutations on z and p. Therefore (f>i transforms the peripheral 
structures of U; to those of IT, without any change of types, and so by Theorem ll.il 
there exists a homeomorphism / on (E, z) realizing <f>i, in other words, /*|ui = 4>i- 
Consider <j>f ~ 1 € Aut(P„(E)). Then = Idu i and so (j> = /* by 

Lemma ro □ 

We claim three propositions as follows. The first two are easier to prove than 
the last one. 

Proposition 4.3. If f) is pre-geometric, then (j) is almost-geometric. 

Proposition 4.4. If is pre-geometric, then (j) is type-preserving. 

Proposition 4.5. f> is pre-geometric. 

Hence cj> is always geometric, and therefore Theorem 14.21 implies Proposition 13.61 
These propositions will be proven later. 

4.2. Almost-geometricity and type-preserveness. For now, assume </> is pre¬ 
geometric. 

For x £ X*, we define end{x ) as 

( 1 ) {z i: Zj} if x is of type 1 and is a conjugate of Afj-, 

( 2 ) {zi,p t } if x is of type 2 and is a conjugate of Q /; 

(3) {zi} if x is of type 3. 

Then end{x) can be viewed geometrically as follows. Recall the surface Ej = 
E \ z U {z^. Let j(x) C E ; be a simple closed curve based at Zi representing x 
in Uj, and let 7 Z(x) be a set of essential simple closed curves among the boundary 
components of a closed regular neighborhood of y(x). Then the curves in 7 Z(x) 
bound a subsurface E(x) of nonnegative Euler characteristic, and end(x) = E(x) H 
(z U p). Note that x as a mapping class is a product of positive or negative Dehn 
twists along curves in P(x). Hence if 7 ( 2;),7 (y) are disjoint for some x,y £ X *, 
then x and y commute. 

Lemma 4.6. Let x ^ y £ X*. Suppose that not both x and y are of type 3. Then 
any pair of conjugates of x and y generates a rank-2 free subgroup if and only if 
end(x) FI end{y) is a point. 
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Proof. By definition, end(x ) = end(y) implies that x is a conjugate of y or y _1 
since not both x and y are of type 3. 

If end(x) and end(y) are disjoint, then there exists / € A4*(£) such that 
/(7( x )) = l{f*{ x )) i s disjoint from 7 (y), and so /*(x) and y commute. Since 
/*(x) or fp 1 (y) is a conjugate of x or y, respectively, we are done. 

On the other hand, if end(x) 0 end(y) = {zi} for some i, then x, y £ Uj and they 
generate a rank-2 free group. Otherwise, if end(x) C\end(y) = {pt} for some t, then 
we may switch the roles of z and p as follows. 

x,y£ P n (E fliP ) C P„ +P (E fl ) D Pp(E g ,n) D U t . 

Then x and y can be regarded as elements in U t and therefore by the same argument 
as above, we are done. □ 

Definition 4.7. Let G be a group. We say that a subset Y = {yi ,..., y m } in G is a 
strongly free generating set if {wf 1 yiwi ,..., 'uiffy rn w m } generates a free subgroup 
of rank to for any wfs in G. 

Note that strong freeness does not depend on a group presentation, and one of 
the necessary conditions for strong freeness is as follows. 

Lemma 4.8. Let F be a free normal subgroup of a group G and Y = {z/i,..., y m } 
be a finite subset of F. If {[j/i],..., [y m \} generates Z m in G/[G, G], then Y is a 
strongly free generating set. 

Proof. All conjugates of elements in Y are lying in F since F is normal in G, and 
they generate a free subgroup of rank m! < to. However, {[yi],..., [y m ]} generates 
Z m only if to/ = m, and so the condition implies strongly-freeness. □ 

Apply Lemma Pi. 8 1 with G = P„(£), F = U, and Y C X,. The lemma below is 
the key ingredient to prove Proposition 14.31 and Proposition 14.41 

Lemma 4.9. Let Y = {yi,... ,y m } C X* with m > 3. Suppose that at most one 
element in Y is of type 3. Then Y is strongly free only if end(x) PI end(y) n end(z) 
is a point for any distinct triple {x,y,z} C Y, and therefore, all end{yf) ’s share 
only one point either Zi or p t for some i or t. 

Proof. Suppose that the lemma fails for some triple {x, y , z}. Then end(x)r\end(y) f~l 
end(z) = 0 since all end(yi )’s are different by Lemma T4.61 

If one of them, say x, is of type 3, then neither y nor z is of type 3 by the 
hypothesis, and end{x) n end(y) or end(x) PI end(z) is empty. By Lemma FOil again, 
this is impossible. 

Therefore all x,y and z are of type 1 or 2, and their ends intersect pairwise 
exactly at one point. It means that either all of them are of type 1, or only one of 
them is of type 1. Hence by definition of types, some conjugates of x,y and z or 
their inverses are precisely equal to either A ^ 2 , ^ 2,3 and A 3.1 or £i it , ( 2 ,t and A 12 , 
for some 1 < t < p. 

However, these two triples satisfy the relations as follows. 

Al , 2A3, iA.2,3 = ^2^3 A12 A31 = A31 ^2^3^12 = (dlO^) 3 

^ 1 , 2 ( 27 ( 1 ,* = Cl,t-^-l, 2 C 2 ,t = C 2 ,tCl,t^l ,2 = Ct cr lCt tT l 

Therefore {x, y , z} is not a strongly free generating set and this is a contradiction. 
The last statement follows easily by varying zinY. □ 
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Notice that the relations in the above proof are essentially same as the lantern 
relation in the mapping class group [9l Proposition 5.1]. 

Now we prove Proposition 14.31 and Proposition 14.41 and separate the cases ac¬ 
cording to g. 

Proof of Proposition \4-3\ for g = 0. Suppose g = 0. Then X (3) = 0 and p > 3 since 

X < -i- 

We first fix i. Then for any proper subset Y C Xi, we have Y C U, <] P„(E) 
and Y satisfies the condition on homology classes described in Lemma T4.81 Hence 

Y is a strongly free generating set, and so is </>(Y). Hence Lemma 14.91 implies that 
f]yg 0 (r) en d{y) share a common point either Zj or pt for any Y C Xi, and for 

Y = Xi itself. Therefore, it suffices to show that Hyg^rXi) en d{y) = { z j} f° r some 
3 - 

If pt £ end(<j>{y)) for all y £ X then there are only n possibilities for end(4>(y)). 
However since |JQ| = p+n—1 > n + 1, this is a contradiction by choosing a strongly 
free subset Y C Xi with \Y\ > n. □ 

Proof of Proposition ^. 4\ for g = 0. Suppose <7 = 0. Since X(3) = 0, it suffices to 
show that </>(X(l)) C X*(l). Then by Proposition 14.31 <j>{Xi) C X*, and 4>(Xj) C 
X*, for some i' and f. Since Xi fl X 3 = {Aij}, 

HAij) = <KXi) n MXj) c x; n x*,. 

Therefore <f(Ai j) is of type 1 since both zp and Zf are in end(<f>(Aij)). □ 

Proof of Proposition ^ -4\ for g > 1. Suppose g > 1. Then <f> preserves elements of 
type 1 because the definiting relator (IPSCR.jl implies that all Aij’s are in the 
commutator subgroup which is characteristic, and furthermore, all other types of 
generators survive in Ui(P„(E)) under the abelianization. 

Moreover if p = 0 then X(2 ) = 0 and therefore is type-preserving. Otherwise if 
p > 0, we suppose that x is of type 3 but <j)(x) is of type 2. Then, by (IPSCRI) again, 
there exists y of type 3 such that [x, y\ is of type 1, and therefore so is [<j>(x), (f(y)\- 
Let q : P„(E) —> P n (E)/((X(2))) ~ P„(E g ) be the quotient map coming from 
Corollarv l2.2l Then q(cj)(x)) = e and ker(g) fl X*(l) = 0. Hence 

e ± q(^)([x, y))) = q([<j>{x), f>{y)}) = [q(^>(x)), q{<t>{y))] = e. 

This contradiction completes the proof. □ 

Recall Theorem l2.6l due to Goldberg. The map t* : P„(E) —> Jl" is nothing 

but the quotient map by elements of type 1. Hence by Proposition 14.41 for g > 1 
above, there exists an induced isomorphism cf> that makes the following diagram 
commutative. 

P n (E) ---“ Pra(E) 

i* t* 

nr=i^(s,*i)-^nr=i^(s^) 

Proof of Proposition \4.3] for g > 1. We claim that for each i. there exists j such 
that 

0(7ri(E, Zi)) = 7Ti(E ,Zj). 
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Let x,y £ Xi(2) U Xj(3) with end(x) ^ end{y). Note that t*(x) and i*(y) do 
not commute because 7ir (T,,Zi) is a one-relator group with 2g +p > 3 generators 
and so they generate a free group of rank 2. However, if <p{x) £ 7Ti(E,2j) and 
<f>(y) £ 7Ti(E,Zfe) for some j ^ k, then this is a contradiction since and 

4 > ( 7r (y)) commute. Therefore j = k and so the claim is proved. 

By this claim, for each* there exists j such that <^(Xj(2)UXj(3)) C X*(2)UX*(3). 
Hence it only remains to prove that <j>(Xi(l)) £ X *(1). 

Let x £ Xi( 1) and y £ X,;(3). Then <j>(x) is of type 1 and <f>{y) is of type 3 by 
Proposition 14.41 for g > 1 above. Moreover, {x,y} is strongly free by Lemma [4.61 
and so is {<j)(x), 4>{y)}- Hence end(cf>(x)) and end(<j)(y)) intersect by Lemma 14.61 
again. This implies that Zj £ end((f>(x)), and therefore <j>(x) £ X*. □ 

4.3. Nielsen-Thurston theory and pre-geometricity. We first briefly review 
the Nielsen-Thurston classification to prove the propositions above. 

Let /3 £ P„(E) C A4*(E). Then /3 is either periodic if it is of finite order; 
reducible if it is nontrivial and fixes a non-empty collection of isotopy classes of 
essential, pairwise disjoint, simple closed curves in E \ z, called a reduction system 
7£(/3); or pseudo-Anosov if /3 is neither periodic nor reducible. In our case, since 
P„(E) is torsion-free, (3 is either reducible or pseudo-Anosov. 

The canonical reduction system 7?.(/3) is defined as follows. An essential simple 
closed curve c is in 7 Z(/3) if 

(1) {f3 l (c)\i £ Z} is a reduction system; 

(2) f3 k (b) b for any k ^ 0 and for any essential simple closed curve b with 
geometric intersection number i(b, c) ^ 0. 

For simplicity, we denote the centralizer Cp n ( S )(/3) by C(/3), the center Z(C(0)) 
by Z(f$) (this is a free abelian group), and the rank of Z(/3) by rk(/3). It is obvious 
that these notions are preserved by (j). 

Theorem 4.10. [201 Corollary 3] Let /3 £ P n (E) be a pseudo-Anosov braid. Then 
rk(/3) = 1 and moreover, 

CU 3) = ZU 3) - z. 

In [20] . Corollary 3 says that every torsion-free subgroup of the centralizer of 
a pseudo-Anosov mapping class in _M*(E) is infinite cyclic. Since P n (E) can be 
identified with a subgroup of A4* (E) and is torsion-free, the assertion follows. 

In general, let pa(/3) be the number of pseudo-Anosov restrictions of /? £ P n (E) 
on connected components of E \ z \ 7 Z(/3) and let lZ*(/3) and 7?.°(/3) be the sets of 
curves which are essential and inessential, respectively, in E. For each c £ 
let [c] be the set of curves in 7?*(/?) which are isotopic to c not in E \ z but in 
E. Then there exists an integer k and {ci,..., Cfc} C TZ*(/3) such that lZ*(/3) is a 
disjoint union of [cj]’s. Note that since /3 is isotopic to the identity in A4*(E), each 
[d] consists of at least 2 curves. 

Proposition 4.11. [T3l Proposition 4.1] Let f3 £ P„(E). Then 

k 

rk(f3)=pa(f3) + \H 0 m+J2(\h}\~V- 

i=1 

A proof is given since in [13] the proposition is stated without a proof and this 
generalizes to non-closed cases. 
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Proof. We use induction on y(£). 

Let £ \ (ci U • • • U Cfc) = {E 1 ,..., £ m }. Then x(£ J ) > x(£) and we suppose that 
the formula above holds for each EL 

Since x(£ J ) < 0 and any element in C(/3) as a mapping class preserves lZ(/3) and 
TZ*(/3) as well, C(/3) can be factored as a direct product n /=i C(/3j), and therefore 

m 

r HP) = J2 rk (fo) 

3 =1 


where Bj is the restriction of /? on TP. Then the curves cf s are inessential in each 
TP, and so all curves in [d] except Cj itself contribute to curves in TZ°(Bj) for some 
j. Moreover, 1Z* (Bj) for each j is empty. 

Let TZ° (/ 3j ) = TZ°((3) fl 7 Z°(Bj), which consists of curves not isotopic to any cfs. 
Then Z°'((3) = TZ°(B) and so 


r HP) = (P°(#j) + \K°{Pj)\) =pa(/3) + Y^ + X)(|[ci]| _ X ) 


.7=1 


3 =1 


Hence we may assume that 1Z*(B) = 0. Call d £ TZ°(/3) outermost if there is 
no d! € 7Z°(/3) bounding a disc or once-punctured disc containing d. This notion 
is well-defined since y(E) < 0. Let {di,... ,de} be the set of outermost curves in 

Suppose £ \ (di U • • ■ U df) = {£°, E 1 ,..., £^}, where £° < 0 and £•? > 0 for all 
j > 0. Then as before, C(/3 ) = TIy=o C(/3j) and so rk(fi) = ]T^_ 0 where /3 j 

is the restriction of (3 on TP. 

Moreover, TZ(Bo) = 0, and UjL 1 lZ°(Bj) = TZ°(B) \ {d\,... ,de}. Then from the 
exact sequence of Theorem 1.1 in m. it can be easily obtained that rfc(y) = 
pa(y) + 1 7Z° ( 7 )! + 1 if £ is either a disc or once-punctured disc. Hence 


e. 1 

rk((3) = Y,rk{fii) = £ (po(ft-) + + l) = pa(B) + - i)+t. 

3 =1 3 =1 

Therefore the above formula holds. □ 


As a consequence of these results, we have a direct indecomposability result for 
braid groups as follows. Two groups H\ and H 2 are abstractly commensurable if 
there are finite index subgroups Ki C Hi for i = 1,2 which are isomorphic. 

Proposition 4.12. Any group which is abstractly commensurable with B„(£) is 
directly indecomposable. 

Proof. We first claim that any finite index subgroup of B„ (£) is directly indecom¬ 
posable. 

Let AT be a finite index subgroup of B„(£) which is isomorphic to K 1 x K 2 
for some nontrivial subgroups K\ and K 2 of K. Note that B ra (£) itself and any 
finite index subgroup of B n (£) contain at least one pseudo-Anosov element B since 
they are non-abelian [19l Lemma 2.5]. Hence there exist Bi £ Ki such that they 
commute and fj = Bip 2 - 

If neither Bi nor B 2 is trivial, then C(B) fl K contains a Z 2 subgroup generated 
by Bi and @ 2 - However C(B) = Z by Theorem 14. 101 and so this is a contradiction. 
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If one of Pi is trivial, then either K\ or K 2 is contained in C(0)nK C C()3) = Z 
and it is abelian. This means that the center Z(K) is nontrivial. However, this is 
contradiction because K is centerless by Lemma [2.31 131. Therefore K is directly 
indecomposable and the claim is proved. 

Now let H be any group containing K as a finite index subgroup. Suppose 
H = H 1 x H 2 as above. Then K (~l Hi is a nontrivial finite index subgroup of Hi 
for each i, and therefore (K n Hi) x (K n H 2 ) is a finite index subgroup of H , and 
so of K , and furthermore of B„(E). This is contradiction because any finite index 
subgroup of B„(E) is directly indecomposable. □ 

Let x £ X*(k). Since the rank formula is invariant under taking conjugates and 
inverses, rk(x) is equal to rk(g) for some g £ Xi(k). Then it follows easily from 
the definition that g is reducible and rk(g) = 1. Indeed, the canonical reduction 
system 7 Z{g) is exactly same as the set defined in Section 14.21 

Conversely, suppose that rk(0 ) = 1 for given 0 £ P n (E). If 0 is pseudo-Anosov, 
then C(0) = Z by Theorem 14.101 and there is nothing to do more. 

Assume that 0 is reducible. If pa(0) — 1, then 7Z°(0) = 0 and [c*] = {c,} for all 
1 < i < fc. This cannot happened since, as recalled the argument just before the 
Proposition [LT]] each [a] consists of at least 2 curves. Therefore pa(0) should be 
0. Then 0 is a product of nontrivial powers of Dehn twists along curves in 7Z(0) by 
the Nielsen-Thurston classification, and by the same argument, either 7Z(0) = {c} 
where c bounds a disc or once-punctured disc, or 71(0) = 7Z*(0) = [c] = {c, d} 
where c and d are isotopic to each other in E. 

The summary of the above discussion is as follows. For given reducible braid 
0 £ P„(E), we have rk(0) = 1 if and only if either 

(1) 71(0) = {c}, where c bounds a disc in E; 

(2) 71(0) = {c}, where c bounds a once-punctured disc in E; 

(3) 71(0) = {c, d}, where cUd bounds an annulus in E. 

We analyze each case in detail. Suppose rk(0) = 1. We further assume that 
\0\ ^ 0 in iLi(P„(E)) when 71(0) bounds an annulus. Then 71(0) always separates 
E into two pieces E+ and E_. Moreover, we may assume that E + is either a 
disc, once-punctured disc, or an annulus. Let E + be the closure of E + in E and 
n± = |z (~l E±|. 

Since C(0) preserves 71(0), we can consider the map s_ : C(0) —» A4*_(E_) 
induced from the restriction to E_. This is well-defined since the only possible 
ambiguities come from Dehn twists along 7 Z(0) but they are already trivial in 
A4*_(E_). Notice that s_(/3) is trivial since 0 has no pseudo-Anosov components 
and the curves in 7Z(0) are not essential in E_. Then the map 

i^iM*_(S-)-^C(0)cM*(S) 

induced from the embedding (E_,z fl E_) —> (E,z) is injective [221 Theorem 4.1]. 

On the other hand, the embedding E + —>• E induce i + : P n+ (E + ) —> P n (E), 
which is injective by EQ Theorem 2.3]. Moreover, the image of Z(P„ + (E + )) under 
i + is the same as Z(0), and so 0 can be regarded as a central element P„ + (E + ). 
Therefore via *+, C(0) contains all of P„ + (E + ) which is ker(s_) by definition, 
hence there exists a short exact sequence 

1->■ Pn + (E+)-^ C(0) -^ im(s_)-s- 1. 
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In the first case, £+ ~ M 2 and £_ ~ £ \ {*}, where a point * plays the same role 
of £ + in £. For any a £ C{0) C P n (£), the element s_(ck) in M *_ (£_) is obtained 
by forgetting all marked points in £ + except only one and can be regarded as an el¬ 
ement in Af*_ +1 (£). Moreover, by forgetting all remaining marked points, we have 
a trivial mapping class. This means that the image s_(a) is lying in Pn_+l(£) C 
by Birman exact sequence. Since _Ad*_(£-) ~ AI*_ (£_)/(i c ), where t c 
is the Dehn twist along c, we have a commutative diagram 


4 
r '■ 


CW) 



: r 


M*_( £_)-- Pn_+l(£), 


where all horizontal maps are injective. 

Let us fix a function r which is a right inverse of the vertical map. Then for any 
a £ Pn_+i(£), the image i_(r(a)) commutes with j3 in AI*(£) since the support 
of i-(r(a)) is contained in £_. Therefore r induces a right inverse f : P„ -+i(E)-> 
C(/3) of S- and so im(s_) = P n _(£). 

However, r and f are not homomorphisms in general. Indeed, the only possible 
obstruction for r and r to be splitting maps is the element t c £ C({3). Since t c 
correspond to A 2 £ Z(P n+ (M 2 )) ~ Z(f3) via i + , the short exact sequence 

1 -- P„ + (K 2 )/Z -^ C ^)/Z Pn_+l(£) -- 1 

splits now and so 

^) /z ~P„ + (I 2 ) /z xP„_ + 1 (E). 

In the second case, £+ — A and £_ cs £. Then the puncture in £ + implies a 
kind of rigidity of £+ in £, and now £ + acts like a puncture, not a marked point 
as above. We have im(s_) ~ P n _(E) by the similar argument. Since 


P„_ (£) ~ P„^ (£_) C M* n _ (£_) — C(/3), 


the sequence 


1 -- Pn + ( A ) -- C(j8) — P n _ (£) -- 1 

splits and therefore 

CU 3) - Pn + {A) x P„_ (£), C(/3) /z ~ P n+ (A) /z x P„_ (£). 

In the last case, £+ ~ A and £_ is of genus g— 1 with two more punctures. Then 
im(s_) ~ P n _ (£_) because two essential curves in lZ(/3) act like two punctures in 
£_. As before, we have 

P„_ (5Vi, p+2 ) ^ Pn_ (£-) C M*_ (£_) C(0), 

which is a splitting map of s_. Therefore 

cm X. p„ + ( A ) x P„_ (£ s _i, p+2 ), C{P)/z - Pn + (A)/ Z x P„_ (£ g _ i, p+2 ). 
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Remark 4.13. If we drop the nontriviality condition for [/3] £ Hi(P„(£)), then 
7?.(/3) decomposes £ into 3 pieces £+,£?_ and Y?_, where £!_ both have negative 
Euler characteristic. By exactly the same argument, one can show that 

CU3) * P„ + (d) x P„i (El) x P„ 2 _(£ 2 _). 

Therefore C(/3) as well as C(f3)/z are directly decomposable. 

Corollary 4.14. Let x £ X*. Then Z(x) = (x) and 

(Z{x)-by-( P n _i(E)) xeX*(l ); 

C(x) ~ !z(x) x P n _i(E) xeX*{2); 

(Z(x) x P n _i(£g_i !P+2 ) x€X*(3). 

Therefore, C{x)/z is directly indecomposable. 

Proof. This follows easily from the discussion above. Note that n+ = 2 if x £ 
X*(l) and 7i+ = 1 otherwise, and so in all cases P ra+ (£_|_) is an infinite cyclic and 
isomorphic to Z(x). 

The direct indecomposability for C(x)/z follows from Proposition 14.121 since 
C(x) jz is a pure braid group of some surface with \ < 0. □ 

Lemma 4.15. Let f3 £ P„(£). Suppose that rk(/3 ) = 1 and C(/3)/z is nontrivial 
and directly indecomposable. Then either C(/3) ~ P n (A) or (3 £ X*, where P n (A) 
is identified with a subgroup o/P n (£) via the injection induced from the embedding 
A->E. 

Proof. By the discussion above and Remark T4.131 for some n±, C(ft)/ Z is either 
pn+(M 2 )/ z x P n _+i(E), P n+(A) /z x Pn_(E), or 
Pn+ (-^)/Z ^ Pn_ (^g— l,p+2)? 

and moreover, one of two factors must be trivial in each case. 

If P„ + (M 2 ) /z or P„ + (A) is trivial, then n + = 2 or n+ = 1, respectively. This 
happens only if j3 £ X*. 

Otherwise, the only possibilities are the second and third cases with n_ = 0 since 
P„_ 4 -i(E) is never trivial. Hence n+ = n, and C(/3) ~ P„(H) via the injection 
£+. □ 


Now we are ready to prove Proposition 14.51 


Proof of Proposition ^ ,5\ Let x £ X and let /3 = <p(x). Then rk{x) = rk(/3) = 1 and 
C(x)/ Z is nontrivial and directly indecomposable by Corollary 14.141 as is C(f3)/ Z - 
Therefore either C(/3) — P n (A) or (3 £ X* by Lemma T4.151 
If C(/3) ~P„(v4), then 


Pn —l(£o,3) — C(fi)/z 


Pn-i(S) i£l(l)Ul(2); 

Pn-l(£g-l,p+2) X £ X(3). 


This implies that ( g,p ) is either (0, 3) or (1,1), which are excluded by the hypothesis 
X < — 1. Therefore /3 £ X*. □ 
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5. Proof of Theorem 11.51 

Recall Theorem II.51 that P„(E) is a characteristic subgroup of B n (E) except for 
(E ,n) = (A, 2). Let us review the known results briefly. Since Pi(E) = Bi(E), 
there is nothing to prove for n = 1. 

Theorem 5.1. [I4j Let n / 2 and E be any (possibly non-orientable) surface of 
finite type. Ifn = 4, assume furthermore that E does not embed in S 2 . Then P„(E) 
is a characteristic subgroup o/B„(E). 

The above theorem covers all but a few exceptional cases. Indeed, if g > 0 and 
n > 2 then P n (E) is characteristic by the above theorem. 

Lemma 5.2. The pure 2-braid group P 2 (S) is a characteristic subgroup o/B 2 (E) 
unless E is a p-punctured sphere for some p > 1. 

Proof. The induced permutation p : B 2 (E) — > S 2 — Z 2 factors through L/^B^E)) 
whose torsion subgroup is precisely Z 2 unless E is a p-punctured sphere. This fol¬ 
lows directly from the group presentation of B 2 (E). See Theorem l2.1l for orientable 
cases and [2J Theorem A.2, Theorem A.3] for non-orientable cases. 

Hence the map p is nothing but a composition of the abelianization and projec¬ 
tion onto the torsion factor Z 2 . Therefore any automorphism on B 2 (E) preserves 
the kernel P 2 (E) of p. □ 

Bellingeri showed in [3] that P^S' 2 ) is characteristic, hence the cases when p = 0 
or g > 0 are done. In [T| , E. Artin showed that the classical pure braid group P„(R 2 ) 
is characteristic. Furthermore, by Bell and Margalit 0, Charney and Crisp [7], for 
E = E 0jP with p + n > 5 and p < 3, P„(E) is characteristic because Aut(B„(E)) 
can be expressed by using At 7(E) and tv(B n (E)) which preserve P„(E). 

Lemma 5.3. The pure braid group P 2 (A) of the twice-punctured sphere is not a 
characteristic subgroup of B 2 (A). 

Proof. Note that B 2 (A) admits the following group presentation. 

B 2 (A) = (oi, CilCiTiCr 0 ! = criCiCTiCi), 

where p maps <J\ to the generator for S 2 and to trivial. 

However, since there is no difference between u\ and (I in the presentation, one 
can consider the automorphism which interchanges them. It is obvious that this 
automorphism does not preserve the kernel of p. □ 

Proof of Theorem \1.5\ It suffices to prove the theorem only for g = 0,p > 4 and 
n > 2. 

Let E = E 0jP and if £ Aut(B„(E)). To prove that ^(P^E)) C P„(E), we claim 
that ^i(A(2)) C X*(2). Then by Corollary 12.21 if induces an isomorphism 

Bn(E)/«Ct» =* B„(s 2 ). 

Since p(Ct) is trivial, this quotient map commutes with p. Then we can use 
Bellingeri’s result for B,^^ 2 ) to complete the proof. 

Now we prove the claim as follows. Let x = Q.,t £ X(2) and to > 1 be the 
smallest integer so that ip(x m ) £ P„(E). Recall that C(x), Z(x) and rk(x). Then 
C(x) = C(x m ) and Z(x) = Z(x m ) = (x). 
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Consider two subgroups ?/>( C(x m )) and C{ip(x m )) of tp(P „(£)) and P„(£) and 
let C = ip(C(x m )) fl C(ip(x m )). The first observation is that 

c = ip(C(x m )) n P„(E) = V»(Pn(E)) n C(i/j(x m )) 

and so C is a finite index subgroup of both ip(C(x m )) and C(ip(x m )). Then the 
tower Z(C) C C C %l){C{x m )) induces the tower 

Z{C ) C ^(CQc")) 

ip{Z(x m )) nc ip{Z(x m )) nc ^(z{x m )) ’’ 

The group in the left is contained in the center of the middle which is a finite 
index subgroup of the right which is isomorphic to P„_i(£). However, the center 
of any finite index subgroup of P n _i(£) is trivial by Lemma 12.31 13). and so 

z(C) = ^z(x m ))nc = (^(x m )). 

On the other hand, the tower (ijj(x m )) C Z(xjj(x m )) 0 C C Z(C) gives us 
Z(ip(x m )) fl C = Z(C) = (i/j(x m )). Since Z('ijj(x m )) contains Z(ip(x m )) as a fi¬ 
nite index subgroup, it is infinite cyclic. Therefore rk(ip(x m )) = 1. 

Moreover, C(ip(x m ))/Z(i/j(x m )) contains C/Z(if)(x m )) fl G as a finite index sub¬ 
group, which is also a finite index subgroup of ip(C(x m ))/ip(Z(x rn )) ~ P„_i(£). 
In other words, C(ip(x m ))/Z(i/j(x m )) is abstractly commensurable to P n _i(£), and 
therefore it is directly indecomposable by Proposition 0321 

Now we apply Lemma l4.15l to i/j(x m ). Either C(ip(x m )) ~ P n (A) or 'i/j(x m ) £ X*. 
Suppose C(ip(x m )) ~ P n {A). Then ip(x m ) is central in P n {A) and so in B n (A) as 
well. Hence it is easy to show that 

<*> X Bn-^S) = C Bn(s) (x) ~ </> {C* n(s) (x m )) 

= C Bn ^(x m ))=B n (A). 

This is impossible because x < — 1, and so ijj(x m ) £ X*. 

Consider the homology class ^[x] = [i/)(x)\ in Hi(B„(£)). Then mip[x] is either 
£[C, U ] or i\Ai t j\ = 2£[a\] for some u and £ ^ 0. However since [a{\ and [£„] are 
primitive, either ip[x\ = ±[£ u ] when m = 1 or ±[<ti] when m = 2. 

In summary, what we have shown above is that for any 1 < t < p, V’QCt]) is either 
±[Cu] for some u or ±[<ti], Note that ^([Ct]) = ±[cri] for at most one t because all 
[<t]’s are pairwise linearly independent. Otherwise, if there is no such t, then we 
are done. 

Suppose i^([Ct]) = ±[<Ji] for some t. Recall that L/i(B„(£)) is generated by the 
(p + 1) homology classes {[or], [Ci], ■ ■ ■, [Cp]} with a single defining relator 

p 

(HTR) 2(n-l)[a 1 ] + ^[C„] =0 

It—1 


coming from (TR). 

We choose a basis {[cri], [£ u ]|zi ^ t} for Hi(B n (T,)) and let 

i >([°'iD = *]+ $>[<;„] 

u^t 
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for some Ci £ Z. Then by applying ?/> to the defining relator (IHTR I) . we have 
0 = ^2(n - l)[cri] + 5^[C„] j 


= 2(n — 1) [ c 0 [o-i] + ^c„[C«] ) + ( ±[tri]+ ^±[C„] 


U^t 


U^t 


= (2(™ - l)co ± l)[cri] + ± !)[Ci*]- 

U^t 

The last equation can not be 0 since the coefficient of [c>t] is odd. This contra¬ 
diction completes the proof. □ 

The characteristicity of pure braid groups are summarized in Tableland Table[2] 



n = 2 

n = 3 n = 4 

n > 5 

g = 0 

Table [2] 

True (QI]) Table [2] 

True (pH) 

g> 1 

True ILemma 15.21) 

True (P3J) 



Table 1 . Characteristicity of pure braid groups 



n = 2 n = 4 

to 

II 

O 

1! 

0 

True ('Lemma 15.21) True [3] 

p =1 

True p] 

p = 2 

False (Lemma 15.31) True ([6][7] ) 

p = 3 

True ([6j [7]) 

p > 4 

True (Theorem 1 1.5 f) 


Table 2. Characteristicity of pure braid groups for g = 0 


6. Exceptional cases 

Here we compute Aut(B„(E)) for each exceptional case. 

6.1. The torus T with n > 2. We consider the composition fo f o (•)*. 

M* n {T) Aut(B„(T)) A Aut (B„(T) /Z ) A Aut (P„(T) /Z ) . 

If n > 3, then this is an isomorphism by Theorem 13.41 Therefore T is surjective 
and so becomes an isomorphism by Lemma 13.81 This implies surjectivity and 
splitness for dr and so 

Aut(B„(T)) ~tv(B n (T)) >4 M* n (T) ~ GL(2,Z)[n] >4 M* n (T). 

Suppose n = 2. Then P 2 (T)/ Z — F 2 and Aut(F 2 ) ~ M 2 {T)/ Z - Hence the 
composition T o o (•)* is surjective and so T becomes an isomorphism as well. 
Furthermore is surjective and splits since A4 2 (T) = M. 2 (T)/ Z x Z(M 2 {T)). 
Therefore, 

Aut(B 2 (T)) ~ tv(B 2 (T)) x Aut(B 2 (T) /z ) ~ GL(2,Z)[2] x M* 2 (T) /Z . 
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As seen in Lemma ITTT21 the center Z(A7 2 (T)) cs Z/2Z, which is generated by the 
hyperelliptic involution s interchanging two marked points, corresponds to —I G 
GL( 2,Z)[2] ~ tv(B 2 (T)). Note that Theorem 3.1 in [23] missed this point for 
n = 2. 

6.2. The once-punctured torus Eip with n > 2. Since B„(Ei j i) is centerless, 
the composition T o (•)* gives 

M*(X i.O Aut(B n (E 1 , 1 )) A Aut(P n (E 1 , 1 )) ~ M* n+1 (T). 

Notice that 

B n (Ei i i) = ker (jr : p~ 1 (S 1 x S„) -A- 7Ti (T)) , 

where Si x S n is a subgroup of S„+i fixing the first letter, the map p : B„ + i(T) —> 
S„+i is the induced permutation, and the map ir forgets all strands but the first 
one. On the other hand / G At* +1 (T) induces /* G Aut(B„ +i(T)). 

Hence Aut(B„(E ljl )) consistsof / G M* +1 (T) such that /*(B rl (E ljl )) = B n (E 1|1 ). 
In other words, the conjugation by p(f) preserves S„ x Si. This implies that p(f) 
itself is in Si x S n and so / G A4* (Epi). Therefore Aut(B n (Ei i i)) ~ At^Eip). 

6.3. The twice-punctured sphere A with n = 2. Let us fix a group presentation 
for B 2 (A) as follows. 

B 2(A) = (cri,Cl|[Cl:C r lCl cr l]} = (^CIK;^ 2 ]}) 

where C = Ci and $ = CiOT. Then B 2 (A) is isomorphic to the Artin group 72(4), or 
Baumslag-Solitar group BS( 2, 2) of type (2, 2), which have been already studied in 
mm- It is known from [HI Proposition 9] that 

Aut(B 2 (A)) = tv(B 2 (A)) x Aut*(B 2 (A)), 

where Aut*(B 2 (A)) is the subgroup of length-preserving or reversing automor¬ 
phisms with respect to the length function 

7 : B 2 (A) —»• Z, 7(ai) = 7(Ci) = 1. 

In other words, (f> G Aut*(B 2 (A)) if and only if £0 c\> = ±7, and so it is obvious that 
Inn(B 2 (A)) C Aut*(B 2 (A)). 

On the other hand, it is known from ns Theorem D] that 

Out(B 2 (A)) ~ D 0 o x Z/2Z = <7r, s*|tt 2 ,,s 2 } x (t*|t 2 ), 
where D 00 is the infinite dihedral group and 

js^s - 1 js^s - 1 js^s - 1 

T * ■ \c C- 1 , 

The automorphisms s* and t* are induced from the hyperelliptic involution s and 
the orientation-reversing involution r in A1 2 (A) so that 

M*(A) = ( S |s 2 ) x (t|t 2 ), Z(M* 2 (A)) = ( S |s 2 }, 

and both r* and 7 r are lying in Aut*(B 2 (A)) but s* is not. 

Let us denote by and 5* the inner automorphisms defined as conjugation by 
( and 5. Then 


Inn(B 2 (A)) = <C*> * (<5*|<5 2 ) ~ B 2 (A) /Z . 
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Proposition 6.1. The automorphism group Aut(B 2 (A)) is generated by 

{C*) <5*, 7T, s*, t*}, 

and the complete set of defining relators are as follows. 

• $1; 

• C*7T = 7r£*(i*, (n5*) 2 , [a*,C*], (r*/*) 2 ; (t*<5*) 2 ; 

• si, 7r 2 , r 2 , (r*s*) 2 , (t*tt ) 2 = 5*. 

Proof. This follows by the direct computation using the presentations for inner and 
outer automorphism groups above and the obvious short exact sequence 

1 -»■ Inn(B 2 (A)) -»■ Aut(B 2 (A)) -»■ Out(B 2 (A)) ->• 1. 

□ 


Recall that tv(B 2 (A)) is an infinite dihedral group admitting the group presen¬ 
tation 

tv(B 2 (A)) = (7t,s*|s 2 ,7t 2 ) , 
where f f corresponds to 7rs*7r in Aut(B 2 (A)). Hence 

Out*(B 2 (A)) = Out(B 2 (A))/tv(B 2 (A)) = (t*|t 2 ) x (ttItt 2 ), 
and there is a commutative diagram whose rows are exact and split as follows. 


1 


1 


Inn(B 2 (A))-- M* 2 (A) /Z 

^ f 


(r» 


1 


Inn(B 2 (A))-^ Aut*(B 2 (A))-- Out*(B 2 (A))-- 1, 


where the upper row comes from the Birman exact sequence. Since 
coker/ cs coker/ = (7r|7r 2 ) C Aut*(B 2 (A)), 

we get 

Aut*(B 2 (j4)) = M* 2 (A), z x <7r|7r 2 ). 

Finally, this implies that 

Aut(B 2 (A)) = tv(B 2 (A)) x Aut*(B 2 (A)) 

= tv(B 2 (A)) x M 2 (A)/ Z x (vr17r 2 ). 

This is the only case in which Aut(B„(E)) is not isomorphic to tv(B„(E)) x 

M* n p)/ Z . 

Proof of Theorem Notice that there are no conditions on n or y. 

All cases for k > 4 and n > 2 have been covered already by Theorem 11.11 for 
generic cases and the discussion above for exceptional cases. 

For k < 3, there are only 3 cases, which are B 2 (R 2 ), B 2 (S' 2 ) and B 3 (S' 2 ). Since 
the first two groups are abelian and so are the mapping class groups A1 2 (R 2 ) and 
A i 2 (S 2 ), it is obvious that the above formula holds. 

The group B^S 2 ) is finite of order 12 and B 3 (S' 2 ) /z is isomorphic to the symmet¬ 
ric group S 3 on 3 letters whose center and outer automorphism groups are trivial. 
This implies that Aut(B 3 (£ 2 )) is a direct product of tv(B 3 (S' 2 )) and Inn(B 3 (S' 2 )). 
Since Inn(B 3 (S' 2 )) ~ Ai^(S 2 )/ z , this completes the proof. □ 













AUTOMORPHISMS OF BRAID GROUPS ON ORIENTABLE SURFACES 


27 


References 

[1] E. Artin, Braids and permutations, Ann. of Math. (2) 48, (1947), 643-649. 

[2] P. Bellingeri, On presentations of surf ace braid groups , J. Algebra 274 (2004), no. 2, 543-563. 

[3] P. Bellingeri, On automorphisms of surface braid groups, J. Knot Theory Ramifications 17 
(2008), no. 1, 1-11. 

[4] P. Bellingeri, S. Gervais, J. Guaschi, Lower central series of Artin-Tits and surface braid 
groups, J. Algebra 319 (2008), no. 4, 1409-1427. 

[5] J. S. Birman, Braids, links, and mapping class groups, Ann. of Math. Studies, no. 82, Prince¬ 
ton Univ. Press, Princeton, NJ, (1974). 

[6] R. Bell, D. Margalit, Injections of Artin groups , Comment. Math. Helv. 82 (2007), no. 4, 
725-751. 

[7] R. Charney, J. Crisp, Automorphism groups of some affine and finite type Artin groups, 
Math. Res. Lett. 12 (2005), no. 2-3, 321-333. 

[8] J. L. Dyer, E. K. Grossman, The automorphism groups of the braid groups, Amer. J. Math. 
103 (1981), no 6, 1151-1169. 

[9] B. Farb, D. Margalit, A primer on mapping class groups, Princeton Math. Ser. 49. Princeton 
Univ. Press(2012). 

[10] N. D. Gilbert, J. Howie, V. Metaftsis, E. Rapt is, Tree actions of automorphism groups, J. 
Group Theory 3 (2000), no. 2, 213-223. 

[11] C. H. Goldberg, An exact sequence of braid groups, Math. Scand. 33 (1973), 69-82. 

[12] J. Gonzalez-Meneses, B. Wiest, On the structure of the centralizer of a braid, Ann. Sci. Ecole 
Norm. Sup. (4) 37 (2004), no. 5, 729-757. 

[13] E. Irmak, N. Ivanov, J. McCarthy, Automorphisms of surface braid groups, preprint, 
math.GT/0306069. 

[14] N. Ivanov, Permutation representations of braid groups of surfaces, Math. USSR-Sb. 71 
(1992), no. 2, 309-318. 

[15] N. Ivanov, Automorphisms of complexes of curves and of Teichmuller spaces, Internat. Math. 
Res. Notices 14 (1997), 651-666. 

[16] M. Korkmaz, Automorphisms of complexes of curves on punctured spheres and on punctured 
tori, Topology Appl. 95 (1999), no. 2, 85—111. 

[17] Y. Kida, S. Yamagata, Commensurators of surface braid groups, J. Math. Soc. Japan 63 
(2011), no. 4, 1391-1435. 

[18] C. Leininger, D. Margalit, Abstract commensurators of braid groups, J. Algebra 299 (2006), 
no. 2, 447-455. 

[19] D. D. Long, A note on the normal subgroups of mapping class groups, Math. Proc. Camb. 
Phil. Soc. (1986), no. 99, 79-87. 

[20] J. D. McCarthy, Normalizers and centralizers of pseudo-Anosov mapping classes, preprint. 

[21] L. Paris, D. Rolfsen, Geometric subgroups of surface braid groups, Ann. Inst. Fourier 49 
(1999), 417-472. 

[22] L. Paris, D. Rolfsen, Geometric subgroups of mapping class groups, J. Reine Angew. Math. 
521 (2000), 47-83. 

[23] P. Zhang, Automorphisms of braid groups on closed surfaces which are not S 2 ,T 2 , P 2 or the 
Klein bottle, J. Knot Theory Ramifications 15 (2006), no. 9, 1231-1244. 

[24] P. Zhang, Automorphisms of braid groups on S 2 ,T 2 ,P 2 and the Klein bottle K, J. Knot 
Theory Ramifications 17 (2008), no. 1, 47—53. 

[25] H. Zieschang, E. Vogt, H.-D. Coldewey, Surfaces and planar discontinuous groups, Lecture 
Notes in Math., no. 835, Springer-Verlag, Berlin, Heidelberg, New York, 1980. 

Center for Geometry and Physics, Institute for Basic Science (IBS), Pohang, Re¬ 
public of Korea 37673 

E-mail address: anbyhee@ibs.re.kr 


